ON THE SUSCEPTIBILITY FUNCTION OF PIECEWISE 
EXPANDING INTERVAL MAPS 

VIVIANE BALADI 
Abstract. We study the susceptibility function 

associated to the perturbation f t = f + tXof of a piecewise expanding interval 
map /, and to an observable <p. M'(l) is the formal derivative (at t = 0) of 
the average 1Z(t) = J tppt dx of ip with respect to the SRB measure of ft- Our 
analysis is based on a spectral description of transfer operators. It gives in 
particular sufficient conditions on /, X, and 93 which guarantee that ^(2) is 
holomorphic in a disc of larger than one, or which ensure that a number may 
be associated to the divergent series 't(l) . We present examples of /, X, and 
ip so that 1Z(t) is not Lipschitz at 0, and we propose a new version of Ruelle's 
conjecture. 



1. Introduction and main results 

Let us call SRB measure for a dynamical system / : Ai — ► M. , on a manifold M. 
endowed with Lebesgue measure, an /-invariant ergodic probability measures y, so 
that the set {x E M | lim^oo ^ J2k=o ( P(f k ( x )) — I pd/i} has positive Lebesgue 
measure, for continuous observables ip. (Strictly speaking, this is the definition 
of a physical measure, we refer to |31) for a discussion of the differences between 
physical and SRB measures. For the purposes of this introduction, the distinction 
is not very important.) If / admits a unique SRB measure fj,, it is natural to ask 
how fj, varies when / is changed. More precisely, one considers, for fixed ip, the 
function lZ(t) = J (pdfit, where fit is the SRB measure (if it is well-defined) of 
ft = f + tX o f. Loosely speaking, we say that the SRB measure is diffcrcntiable 
(or Lipschitz) at / for p if lZ(t) is differentiable at 0. (See [S] for the relevance of 
this issue to nonequilibrium statistical mechanics. Theorems 4 and 5 of [14] show 
another setting where (Lipschitz) regularity of TZ(t) is relevant.) 

If / is a sufficiently smooth uniformly hyperbolic diffeomorphism restricted to 
a transitive attractor, Ruelle [55] (see also [23]) proved that TZ(t) is differentiable 
at t = and gave an explicit formula for TZ'(0). Dolgopyat [J later showed that 
TZ(t) was differentiable for a class of partially hyperbolic diffeomorphisms /. More 
recently, differentiability, together with a formula for 1Z'(0) 7 has been obtained for 
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uniformly hyperbolic continuous-time systems (see [6] and references therein) and 
infinite-dimensional hyperbolic systems (see [10] and references therein). 

A much more difficult situation consists in studying nommiformly hyperbolic in- 
terval maps /, e.g. within the quadratic family (not to mention higher-dimensional 
dynamics such as Henon maps). For quadratic interval maps, one requires in ad- 
dition that the SRB measure be absolutely continuous with respect to Lebesgue. 
It is well-known that the SRB measure of ft may exist only for some parameters 
t, although it is continuous in a nontrivial subset of parameters (see [25], [3D])- I n 
this setting, Ruelle ( 25], [55]) has outlined a program, replacing differentiability by 
differentiability in the sense of Whitney's extension theorem, and proposing vE^l) 
with 

00 r ft 

(i) *(*) = E / z n x(y)p°(y)a-v(f n (y)) d v > 

n=0*' ^ 

the "susceptibility function," as a candidate for the derivative. Beware that ^(1) 
needs to be suitably interpreted: It could be simply the value at 1 of a meromor- 
phic extension of ^l{z) such that 1 is not a pole, but also a number associated to 
the - possibly divergent - series obtained by setting z = 1 in ([Tj), by some (yet 
undetermined) summability method. Formal arguments (see |22] and Appendix IB]) 
justify the choice of which Ruelle [55] calls "the only reasonable formula one 

can write." For several nommiformly hyperbolic interval maps / admitting a finite 
Markov partition (i.e., the critical point is preperiodic), although $f(z) has a pole 
(or several poles) inside the open unit disc, it extends meromorphically to a disc of 
radius larger than 1 and is holomorphic at z = 1 ([IS], [II])- The relation between 
W(l) and (Whitney) differentiability of TZ(t) for such maps has not been established. 
The case of nonrecurrent critical points is being investigated [57j . 

Our goal here is much more modest: We consider unimodal interval maps / which 
are piecewise uniformly expanding, i.e., |/'| > 1 (except at the critical point). In 
this case, existence of the SRB measure of all perturbed maps ft is guaranteed, and 
it is known that TZ(t) has modulus of continuity \t\ In \t\ (we refer to the beginning 
of Section [2] for more details and references). Our intention was to understand the 
analytic properties of ^f(z) for perturbations / + tX o / of such maps, and to see 
if they could be related to the differentiability (or lack of differentiability) of lZ(t). 
Our results are as follows (the precise setting is described in Section^: 

We prove ( Proposition 13.1]) that ^(z) is always holomorphic in the open unit 
disc. When the critical point is preperiodic of eventual period ni > 1, we show 
that (Theorems 15.11 and 15. 2[) ^f(z) extends meromorphically to a disc of radius 
larger than one, with possible poles at the nith roots of unity, and we give sufficient 
conditions for the residues of the poles to vanish. When the critical point is not 
periodic, *B(z) appears to be rarely holomorphic at z = 1. Nevertheless, we have a 
candidate \&i for the value of the possibly divergent series \l/(l), under the condition 
that the "weighted total jump" J(f,X) defined in ([T6|) vanishes (Proposition [44]). 
The tools for these results are transfer operators Cq and C\ introduced in Section [2] 
(these operators were also used by Ruelle [26 ). A key ingredient is a decomposition 
(Proposition 13. 3|) of the invariant density of / into a smooth component and a 



^Since ^(e 1 ") is the Fourier transform of the "linear response" |22| . it is natural to consider 
the variable u, but we prefer to work with the variable z = e l ". 
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"jump" component (this was inspired by Ruelle's work |27] in the nonuniformly 
hyperbolic case). 

Finally, we give examples of interval maps and observables for which lZ(t) is 
not Lipschitz. □ Applying Theorem 15.11 to these examples we get that ^(z) has a 
pole at z = 1. The "weighted total jump" J(f : X) associated to these examples is 
nonzero. 

In view of our results, we propose to reformulate Ruelle's conjecture as follows: 
Conjecture A. Let / be either a mixing, piecewise expanding, piecewise smooth 
unimodal interval map such that the critical point is not periodic, or a mixing 
smooth Collct-Eckmann unimodal interval map with nonflat critical point. Let 
ft = f + X t o / be a smooth perturbation (with Xq = 0) corresponding to a smooth 
X = d t X t \t=o such that each f t is topologically conjugated to /. Then lZ(t) is 
differentiable at for all smooth observables ip, and 1Z'(0) = ^(1) (the infinite sum 
being suitably interpreted). 

The above conjecture is interesting only if there are examples satisfying the 
assumptions and for which the conjugacy between / and ft is not smooth. We [5] 
expect this to be true and that the condition J{f, X) — is related to the existence 
of a topological conjugacy between / and ft (see Remark 14. 5|) . 

For general perturbations of piecewise expanding maps, our counter-examples 
show that the (previously known) property that 7Z(t) has modulus of continuity 
\t\ In \t\ cannot be improved. For nonuniformly expanding maps, we propose: 

Conjecture B. Let / be a mixing smooth Collet-Eckmann unimodal interval 
map, with nondegenerate critical point c (i.e. /"(c) ^ 0). Then, for any smooth 
X, and any C 1 observable ip, the function lZ(t) is ?7-H61der at 0, in the sense of 
Whitney over those t for which f t is Collet-Eckmann, for any n < 1/2. 

For critical points of order p > 3 we expect that the condition 77 < 1/2 should 
be replaced by 77 < 1/p. We expect Conjectures A and B to be essentially optimal. 

2. Setting and spectral properties of the transfer operators 

In this work, we consider a continuous / : I — *■ I where / = [a, 6], with: 

(i) / is strictly increasing on I + = [a, c], strictly decreasing on i_ = [c, b] 
(a < c< b), 

(ii) for a = ±, the map f\j a extends to a C 3 map on a neighbourhood of I a , 
andinfl/'UJ > 1; 

(iii) c is not periodic under /; 

(iv) / is topologically mixing on [/ 2 (c), /(c)]. 

The point c will be called the critical point of /. We write Ck = f k (c) for k > 0. 

For a function X : K — * M, with sup|A| < 1, so that X\f^ extends to a C 2 
function in a neighbourhood of /(/) and X' is of bounded variation^ and supported 
in [a, 6], we shall consider the additive perturbation^ 

(2) ft(x)=f(x)+tX(f(x)), \t\ small. 

2 After this paper was written, Carlangelo Liverani mentioned to us that Marco Mazzolena |18| 
independently constructed examples of families ft such that TZ(t) is not Lipschitz. 
3 A prime denotes derivation, a priori in the sense of distributions. 
^Sometimes we only consider one-sided perturbations, i.e., t > or t < 0. 
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More precisely, we take e > so that (i) and (ii) hold for all ft with \t\ < e, 
except that ft\ia may only extend to a C 2 map. Then we assume that / and 
X are such that, up to taking perhaps smaller e, we have sup| t | <£ /t(c) < b and 
inf |* | < e min(/t(a), /*(&)) > a, so that each f t maps / into itself. Then each f t admits 
an absolutely continuous invariant probability measure, with a density p t which is 
of bounded variation |16j . There is only one such measure [17j and it is ergodic. 
In fact, assumption (iv) implies that it is mixing. (We refer to the introduction of 
[T5] for an account of the use of bounded variation spaces, in particular references 
to the work of Rychlik and Keller. The bibliography there, together with that 
in Ruelle's book [20], give a fairly complete picture.) By construction, each p t is 
continuous on the complement of the at most countable set Ct = {/* (c) , k > 1}, 
and it is supported in [/ t 2 (c), /t(c)] C [a, b] (we extend it by zero on R). In addition, 
denoting by \ip\i the L 1 (R, Lebesgue) norm of ip, assumption (iii) implies by [TSl 
Prop. 7] (see (|55|) below and also [T31 Remark 5]) that 

(3) |/»t-po|i=0(|t|ln|i|). 

We next define the transfer operators Cq and C\, with L\ the ordinary Perron- 
Frobenius operator, and show that C\ is "the derivative of Cq." In order to make 
this precise we need more notation. Recall that a point x is called regular for a 
function <j) if 2<fi(x) = lim y ^ x <p(y) + lim,^ <p(y). If <f>\ and <p2 are (complex- valued) 
functions of bounded variation on R having at most regular discontinuities, the 
Leibniz formula says that ((frifo)' = <t>'\4>2 + <t>i<t>2i where both sides are a priori 
finite measures. Define J := (-co, /(c)] and \ : R — > {0, 1, 1/2} by 

f0 x £ J 
X(x) = < 1 x S int J 
il s = /(c). 

The two inverse branches of /, a priori defined on [/(a), /(c)] and [/(&), /(c)], may 
be extended to C 3 maps ?/>+ : J — > (— oo, c] and : J — > [c, oo), with sup \i{/ a \ < 1 
for cr = ±. (in fact there is a C 3 extension of ip± in a small neighbourhood of J.) 
The map tp+ has a single fixed point eto < a. 

We can now introduce two linear operators: 

(4) £o<f(x) := x(x)<p(ip+(x)) - x(x)ip(ip- (x)) , 
and 

(5) Cxcp(x) := x(x)ip' + (x)p(il; + (x)) + x(x)\ip'_{x)\ip(ip-(x)) . 

Note that C\ is the usual (Perron-Frobenius) transfer operator for /, in particular, 
C-lPo = Po and £|(Lebesgue R ) = Lebesgue R . The operators Cq and L\ both act 
boundedly on the Banach space 

BV = BV<- 0) :={</> :R^C,var(¥>) <oo,supp(^) C [a ,6]}/~, 

endowed with the norm = inf^^ var(0), where var(-) denotes the total 

variation and ipi ~ <p2 if the bounded functions <pi, pi differ on an at most countable 
set. 

The following lemma indicates that BV is the "right space" for Ci, but is not 
quite good enough for Cq: 
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Lemma 2.1. There is A < 1 so that the essential spectral radius of Ci on BV is 
< X, while 1 is a maximal eigenvalue of C\, which is simple, for the eigenvector po- 
There are no other eigenvalues of C\ of modulus 1 on BV . 

The essential spectral radius of Co on BV coincides with its spectral radius, and 
they are equal to 1. 

Proof. For the claims on C\, we refer e.g. to [H §3.1-3.2] and references therein to 
works of Hofbauer, Keller, Baladi, Ruelle (see also Appendix [A")) . In fact, we may 
take any A G (sup x (|/' 1). 

The essential spectral radius of Co on BV is equal to 1 (see e.g. [2] §3.2], and in 
particular the result of [13] for the lower bound). It remains to show that there are 
no eigenvalues of modulus larger than 1. Now, z is an eigenvalue of modulus > 1 
of Cq on BV if and only if (see e.g. [2U]) w = 1/z is a pole of 

C (u,)=exp£— J2 S g n (/")'W- 
£ — ' n * — ' 

n>l f n (x)=x 

However, since / is continuous, we have that | Ylfnf x \— X sgn(/™)' '(x)\ < 2 for each 
n, so that C( w ) has no poles in the open unit disc. □ 

To get finer information on Co, we consider the smaller Banach space (see |21] 
for similar spaces) 

BV (1) = {f : R -> C , supp(</>) C (-oo, b],(p' € BV} , 

for the norm IMIsyu) = ||y'||sv- We have the following key lemma: 

Lemma 2.2. The spectrum of Co on BV^ and that of C\ on BV coincide. In 
particular, the eigenvalues of modulus > A of the two operators are in bijection. 

Proof. By construction if i— > ip' is a Banach space isomorphism between BV^ and 
£jy(°). The Leibniz formula and the chain rule imply that for any if S 

(6) (£o<py = M<f/). 

Indeed, the singular term in the Leibniz formula (corresponding to the derivative 
of x, which is a dirac mass at c\) vanishes, because ip+( c i) = ^-( c i) == c and 
tf(c) - tf( c ) = 0. 

That is, the operators Co and C\ are conjugated, and Co on BV^ 1 ' inherits the 
spectral properties of C\ on BV, as claimed. □ 

Lemma T2.2I implies that the spectral radius of Co on BV^ 1 ' is equal to 1. The 
fixed vector is Ro, where we define for ifK 

(7) R (x) := -1 + / p (u)du. 

By construction, Ro is Lipschitz, strictly increasing on [02, c±], and constant outside 
of this interval (= —1 to the left and = to the right). In addition, _Rq coincides with 
po on each continuity point of po, so that R' ~ po- The fixed vector of Cq is v{ip) = 
if (bo) — f(ao) with bo = ip-(ao). Indeed, Cof(b) = and Cof{ao) = f{ao) — ip(bo)- 
Since bo > b (otherwise we would have ^_(ao) = bo > b, a contradiction) we have 
<f(b ) = ip(b). 
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3. The susceptibility function and the decomposition p = p s + p r 

If K is a compact interval we let C 1 (K) denote the set of functions on K which 
extend to C 1 functions in an open neighbourhood of K . The susceptibility function 
[26] associated to / as above, tp € C 1 ([ao, &]), and the perturbation ft = f + tX, is 
defined to be the formal power series 

(8) 9(z) = £ / z"X(y) Po (y) 7r ^(r(?y)) dy 

oo „ 

= X) / z n Q{ Po X){x)tp'{x)dx. 

n=0 ^ 

The expressions (|5J| evaluated at z = 1 may be obtained by formally differenti- 
ating ([22], see also Appendix [B] below) the map 



(9) 1Z : t 1— > / ip(x)pt(x)dx 

at i = 0, when ^ is at least C 1 . 

Proposition 3.1. TTie power series ^>{z) extends to a holomorphic function in the 
open unit disc, and in this disc we have 

*(*) = / (id-^o)" 1 ^)^)^^)^. 



Proof. The spectral properties of £o on BV (Lemma 12. 1[) imply that for each <5 > 
there is C so that ||£q \\bv < C(l + 5)™, so that ^(z) is holomorphic in the open 
unit disc. □ 

Remark 3.2. Ruelle [26] studied ^(z) for real-analytic multimodal maps / conju- 
gated to a Chebyshev polynomial (e.g. the "full" quadratic map 2 — x 2 on [—2, 2]). 
In this nonuniformly expanding analytic setting, the susceptibility function is not 
holomorphic in the unit disc: It is meromorphic in the complex plane but has poles 
of modulus < 1. (See also [TT] for generalisations to other real-analytic maps with 
preperiodic critical points, and see [3] for determinants giving the locations of the 
poles when the dynamics is polynomial.) The study of real analytic non uniformly 
hyperbolic interval map with non preperiodic, but nonrecurrent, critical point is in 
progress [27] . 

In order to analyse further ^(z), let us next decompose the invariant density pa 
into a singular and a regular part: Any function ip : M. —> C of bounded variation, 
with regular discontinuities, can be uniquely decomposed as tp = ip s + <p r , where the 
regular term ip r is continuous and of bounded variation (with var(yv) < ||v?|| w), 
while the singular (or "saltus") term ip s is a sum of jumps 

•Ps = s u H u , 
ues 

where S is an at most countable set, H u (x) = —1 if x < it, H u (x) — if x > u 
and H u (u) = —1/2, and the s u are nonzero complex numbers so that var^^) = 
Ylu \ Su \ — IMI-BV- (See [19], noting that our assumption that the discontinuities 
of ip are regular gives the above formulation.) In the case when tp is the invariant 
density of a piecewise smooth and expanding interval map, we have the following 
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additional smoothness of the regular term (this observation, which was inspired by 
the analogous statement for nonuniformly expanding maps |27j . seems new): 

Proposition 3.3. Consider the decomposition po = p s +p r of the invariant density 
po e BV. Then p r € BV^ . 

Proof. We shall use the following easy remark: If ao = xq < x\ < ■ ■ ■ < x m = b for 
to > 2 and (p(x) — ipi(x) for Xi-\ < x < Xi, with tfi extending to a C 1 function in 
a neighbourhood of [xj-i, Xi], for i = 1, . . . ,m, then if ip is supported in [ao, b] we 
have (f £ BV with 
(10) 

WpWbv < (b-a ) sup sup \(p'j\+ \<Pi(xi)-tpi + i(xi)\ + \(p 1 (x Q )\ + \Lp 2 (x m )\ . 

i=l,...,m [xi-i,xi\ i=1 

In this proof we write p instead of pq. We know that if <po € BV is such that 
J ao ipo dx = 1 then p = lim, woo p^> with p^> = C"(ipo), the limit being in the BV 
topology. We can assume in addition that tpo is C 2 and nonnegative. Decomposing 
p(") = p(™' + pr , we have on the one hand that p^ is a sum of jumps along Cj 
for 1 < j < n. On the other hand, by the remark in the beginning of the proof, 
pr is an element of BV^. We may estimate the BV norm of A„ = (pr™')' as 
follows: First note that A„ extends to a C 1 function in a neighbourhood of x if 
x ^ {cj , 1 < j < n}. Next, we shall show by an easy distortion estimate that there 
is C (depending on / and on the C 2 norm of (po) so that 

(11) \A' n (x)\<C, Vn,Vx?{ Cj ,l<j<n}. 

Indeed, note that if x — f n (y) with x ^ {cj , 1 < j < n} (so that f k (y) ^ c for 

< k < n- 1) 

n2 s 1 _ y /"(/ fc (2/)) 1 1_ 

1 j tfa (/"(i/))' ^ f'{f k {y)) (/- fc - 1 )'(/ fc+1 (2/)) (/"(»))' ' 

Since sup^ c |/"H|/|/'H| < C and K/" - * -1 )'^)! -1 is bounded by a 

geometric series, uniformly in | / (j/fc) 7^c,0<^<« — & — 2}, we get 

|A„(z)| ^A'^oj^+A-^d^Kx), 

where A € (sup :E ^ c |/'(x)| -1 , 1). (We have not detailed the contribution of the terms 
where ipo has been differentiated.) The claim (fTTj) follows from differentiating the 
right-hand-side of (fT2j) with respect to x, and using that sup lu ^ c | f"'(w) \/\f'(w)\ < 
Ci and sup n sup x |£"(0)| < oo for all bounded <p. 

To conclude our analysis of the BV norm of A„, we must consider x £ {cj , 1 < 
j < n} and estimate | lim^i-a; A„(w)-lim z | :E A„(z)|. The jump between the left and 
right limits corresponds to the discrepancy between the sets f~ n (w) and f~ n (z), 
i.e., it is of the same type as | HmtuTa; p( n \w) — lim z | x p^ n \z)\, with the difference 
that l/|(/™)'(y)| or <po(y) (for f n (y) = x) are replaced by their derivatives with 
respect to x. We find for all n and all x G {cj , 1 < j < n} 

(13) | lim(A n )H - lim(A„)(z)| < C\ limp^H - \\mp {n \z)\ . 

w]x z[x w]x z[x 
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Thus, there is C so that for all n 

(14) V |lim(A„)H-lim(A n )(z)| <(7var(^(^o)) + A"var(£5 l (|^|)). 

* — * wlx z[x 

By the Lasota-Yorke estimates (see e.g. ([38])) on £™, and (fl4|) . together 
with (fT0|) imply that there is C so that ||A n ||sv < C for all n. Applying Helly's 
selection theorem, a subsequence A„ fe converges pointwise and in /^(Lebesgue) 
to some A £ BV . Similar arguments show that pr and pi n *' converge to p r 
and p s , respectively (maybe restricting further the subsequence). It follows that 
J p r ip' dx — — J Aip dx for all C 1 functions ip, i.e. A = p' r . By construction we have 
p = p s + p r , with p r S -By'- 1 -' C BV n C°, and /5 S a sum of jumps along the (at most 
countable) postscritical orbit. By uniqueness of the decomposition p = p s + p r , we 
have proved the lemma. □ 

We may now consider the contribution to ^f(z) of the regular term in the de- 
composition from Proposition 13. 31 

Lemma 3.4. If tp E C 1 ([ao,b]) then 

J (id — z£o)~ 1 (Xp r )(x) (p'(x) dx 

extends to a meromorphic function in a disc of radius strictly larger than I, with 
only singularity in the closed unit disc an at most simple pole at z = 1 . The residue 
of this pole is X(a )pr(a )(J^ o tpp dx - <p(aa)) ■ 

Proof. The spectral properties of Co on BV^ (Lemma I2.2j) imply that (id — 
zCq)~ 1 {X p r ) depends meromorphically on z in a disc of radius strictly larger than 
1, where its only possible singularity in the closed unit disc is a simple pole at z — 1, 
with residue (X(bo)p r {bo) — X(ao)p r (ao))Ro(x). Since p r is continuous and sup- 
ported in (— oo, ci] C (— oo, bo] we have p r {bo) = 0. To finish, integrate J ag tp'Ro dx 
by parts and use Ro{b) — and i? (a ) = — 1. □ 

Clearly, (id — zCq)^ 1 {Xp s ) = J2r7=o z "^o (Xp s ) is an element of BV which 
depends holomorphically on z in the open unit disc. We will be able to say much 
more about this expression if c is preperiodic, in Section [5] If c is not preperiodic, 
the situation is not as transparent, but some results arc collected in Section [4] In 
view of Sections HrEl we introduce further notation. 

If c is preperiodic, i.e. f n °(c) has minimal period n\ > 1 (with no > 2 minimal), 
we set N = Uq +n\ — 1 > 2, otherwise we put N — oo. By definition of the saltus, 
we have 

JV 

(15) Ps(x) = ^2 s n H Cn (x) , 

n=l 

with s n = lim yiCn p(y) - lim^c p(x). 

We next define the weighted total jump of /: 

N 

(16) J{f,X) = Y,SnX{c n ). 

n=l 

We put J{f) = J(f, 1). Note that 

J{f) = -p r (b ) + Pr(a ) = p r (a ) . 
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Remark 3.5. If / is a tent-map, i.e. |/'(x)| (for x ^ c) is constant, then it is easy 
to see that p = p s is purely a saltus function (for example use p = lim n _>oo ^lifo), 
with (po the normalised characteristic function of [c2,cx], the limit being in the 
variation norm). In particular, we get that J(f) — J(f, 1) = for all tent-maps. 

4. The susceptibility function in the non-Markov case 

In this section we assume (i)-(iv) and that c is not preperiodic (i.e. for every 
n > 1, the point f n {c) is not periodic; in other words, there does not exist a finite 
Markov partition for /) . We can suppose without further restricting generality that 
/(c) < b and min(/(a), f(b)) > a > ao- We start with a preparatory lemma: 

Lemma 4.1. Assume that c is not preperiodic. 

If i7(/) = then the function p s = Y^jLi Efe=i s k * s °f bounded variation 
and satisfies (id — £o)p s — p s . 

If S(f, X) = then, setting 5 Cj to be the dirac mass at Cj, the measure p s = 

Sj=i Sfe=i s kX(ck) is bounded and satisfies (id — f*)p s = Xp' s . 

Remark 4.2. We do not claim that when J{f) = the sum Y^Lo £qPs converges to 
(id — £o)~Vs = Ps or that (id — zCo)~ 1 p s converges to (id — Co)~ 1 p s as z — > 1 (even 
within [0, 1]), and we do not claim the parallel statements about (id— f^ 1 (X p' s ) — 
p s when J(f, X) = 0. 

Remark 4.3. For any complex number k we have (id — Co){p s + kRq) = p s arid 
(id - /»)(/x s + K Po ) = Xp' s . 

Our result in this case is: 

Proposition 4.4. Assume that c is not preperiodic and let tp € C ([ao,b]). 
For \z\ < 1 we have 

(17) 

= - ^ z j ~ k SkX(c k ) - / (id - zdy^X'ps + {Xp r )'){x)ip{x) dx . 
j=i fc=i 

T/ie second term above extends to a meromorphic function in a disc of radius strictly 
larger than 1, with only singularity an at most simple pole at z = 1, with residue 
J(f,X)f* oWo dx. 

If v7(/, X) = then the following is a well-defined complex number: 

oo j . 

(18) 9i = -^2<p(cj)^28 k X(c k )- (id-C 1 )- 1 (X / p s + (Xp r y)(x)i f (x)dx. 

3=1 k=l J 

Remark 4.5. There exists a unique function a on the postscritical orbit so that 
X(c k+1 ) = a(c k+ i) - f'(c k )a(c k ) for k > 1: set 

a(c fe ) = -^X( Cfe+1+J )/(/ J+1 )'(c fc ). 

j>0 

(See e.g. [221 Proof of Thm 1] for the relevance of this "twisted cohomology equa- 
tion" , in view of Conjecture A: The possibility to extend a "smoothly" to I is related 
to the existence of a topological conjugacy between / and ft.) Since s k = f'{c k )sk+i 
for all k > 1, and since si ^ 0, our condition J7(/, X) = is equivalent to requiring 
that X(a) - a(ci) = 0. 
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In view of Lemma 14.11 slightly abusing notation, we may write when c is not 
preperiodic, and J{f,X) = 

*x = - /(id - C 1 )- 1 ({Xp )')(x)i P (x) dx . 

If, in addition, X = 1, we may also write 

(19) * 1= [(id-C Q y 1 (po)(x)i P '(x)dx. 



The orbit of c is expected to be "generically" dense, so that both conditions 
'V(cfc) = for all k and / ippo dx — 0" and u X(ck) = for all k" are very strong. 
However, we point out that either condition implies that ^(z) extends holomor- 
phically to a disc of radius larger than 1, with Vf'(l) = 

The relationship between ^>(z) and \&i (when J(f, X) = 0) is unclear for general 
<p and X. (See Remark 14.61 See however Appendix [Cl for an alternative - perhaps 
artificial - susceptibility function, which can be related to \E'i.) If J(f 1 X) ^ 0, it 
seems unlikely that a replacement for would exist. (See also Appendix 0) 



We now prove Lemma 14. II 

Proof. Note first that if c is not preperiodic then, since p = lim^oo £j((^o) (for ifo 
as in the proof of Proposition I3.3[) and the convergence is exponentially rapid in 
the BV norm, there are £ < 1 and C > 1 so that 

(20) l Sfc l <var(pW-p)<Ce\Vj. 
fc>j+i 

Then apply ([20]) and the assumption ,/(/) = SfeLi s fc = 0' to S et 

(21) ii>i = i- E %i<^,vj. 

fc=l fe>j+l 

Observe next that Cq(H c .) = H Cj+1 for all j > 1. Finally, use sup |JJ C , | < 1 for all 
j and (fT5| . 

For the second claim, use also sup|X| < 1, f*{5 Cj ) = S c . +1 , that J{f,X) = 0, 
implies 

(22) \J2skX(c k )\ <Ce',Vi. 

fe=i 

and that (// s is a distribution of order and A" is continuous) 

oo 

(23) Xp' s =Y. X ^) s ^- 

3 = 1 



□ 



We next show Proposition 14.41 



^They are satisfied for nontrivial X e.g. if c is not recurrent. 
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Proof. Write p for po and consider the decomposition p = p s + p r . We have p(b) = 
p(bo) — p{ao) = 0, p r (b) = 0, and p s is continuous at ao, &o, and b with p s (bo) = 
p s {b) = 0. We may integrate by parts, and get from the Leibniz formula (recall 
Lemma [2^1 and note that (£o(V>))' = f*i>', for -0 e W) for \z\ < 1 that 

(24) f m P X)(x)<p'{x)dx = - [ <pf?(Xp' s )- f mx'p s + (Xp r y)(xMx)dx. 

(There are no boundary terms in the Stieltjes integration by parts because Cq {pX) 
is continuous and vanishes at 6, p(bo) — and p(ao) = 0.) It follows that for \z\ < 1 

(25) *(*) = - f> n (7 <pft(Xf/ t ) + f CUX'ps + (Xp r )')(xMx) dx 

The proof of Lemma 13.41 applies to C\ on BV and allows us to control the terms 
associated to (Xp r )' and X'p s . Since J{f, X) = L Xp' 8 , the residue of the possible 
pole at z = 1 is, using Stieltjes integration by parts, 

— ( / X'p s dx+ / (Xp r )'dx) / ifp dx = —( X'pdx+ / Xp' r dx) / ipp^dx 

JR. JR Ja JR JR J a 

= ([ Xp'- I Xp' r dx) I ipp dx 

(26) 



= J(f,X) [\p dx. 

J ao 



On the other hand, we get by ([20]) , ([23|) , and since sup \ H Cj | < 1 for all j, that 
for each \z\ < 1 

00 00 00 

(27) * n f?( x p's) = E z " E s ^( c ^)^ + . 

n=0 n=0 fc=l 

00 j 

= E^E zJ ~' £x ( cfe H- 
j=i fe=i 

We have proved (fT7|) in the open disc of radius 1. The fact that 'J'i is well-defined 
follows from Lemma |4~T1 and our assumption that J{f, X) — which implies (|22[) . 

□ 

Remark 4.6. In spite of Lemma 14.11 we are not in a position to apply Fubini's 
theorem in (|27[) at £ = 1. It seems unlikely that the sum X^^Lo Sfcli s fe^( c fe)^c fc+ „ 
converges in the usual sense to p s , and it is unclear whether p s could be interpreted 
as a classical (e.g. Norlund or Abelian) limit of this sum. 

5. The susceptibility function in the Markov case 

Assume in this section, in addition to (i)-(iv), that c is preperiodic, i.e. there 
exist no > 2 and n\ > 1 so that c no is periodic of minimal period n\ (we take no 
minimal for this property). In this Markov case, we have the following result: 



^In the case X = 1, recall that 1) = Pr(ao), an d note that f Cq{p s )^p' dx = — f <pf™(p' s )- 
tp(ao)p r (ao)- 
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Theorem 5.1. Assume that c is preperiodic. Let ip G C 1 ([ao,6]). Then ^(z) 
admits a meromorphic extension to a disc of radius > 1. The poles of^(z) in the 
closed unit disc are at most simple poles at the n\th roots of unity. 

Assume either (a) <p(ck) = for all k > no and J ippo dx = 0, or (b) X(cu) = 
for all k > 1, then the residues of all poles of modulus one of ^(z) vanish, and 

*(1) = lim V f C l (poX)(x)^'(x)dx. 

n=0 J 

We next exhibit other sufficient conditions for the residues of the poles of 4" (z) on 
the unit circle to vanish. For this, we introduce J^ n ° = Jt n °(f,X) = J(f,X) = 
J2k=i X(ck)sk, and, if n\ > 2, the following sums of jumps for m — no, . .. ,Uq + 
ni — 1: 

J^ no =J^' no (.f,X)= Y, X(ck)s k . 

l</c<no+ni— 1: 
3^>0:fc+n -l-^"l="i 

Theorem 5.2. Assume that c is preperiodic. Let ip £ C ([ao,b]). 

If J^™ 1 '™ = for m = no, . . . no + n\ — 1, then ^(z) is holomorphic in a disc of 
radius strictly larger than one with 

*(1)= lim*(z) and*(l) = lim V / C^X p )(x)tp' (x) dx . 

z— >1 k^oo — ' / 

n=0 J 

The residue of at z = 1 is J(f,X)(J ipp Q dx - ^J2"L~lT~ 1( P( c :i))' in 

particular, if^T(f,X) = then ^(z) is holomorphic at Z = 1 with 

= lim ^(z) . 
ze[o,i),z->i 

We first prove Theorem 15. II 

Proof. Since Cq(pX) is continuous and vanishes at b, the term associated to the 
rightmost boundary in the Stieltjes integration by parts (pMl) in the proof of Propo- 
sition 03] vanishes. If C2 7^ ao then p vanishes and is continuous at ao and bo, 
so that the leftmost boundary term from (f2~4")l vanishes. If C2 = ao, this leftmost 
boundary term is in fact included in the Stieltjes integral — J ipfl l (Xp' s ). 

We consider X = 1, the general case follows by integration by parts as in ([Ml l2li)) 
in the proof of Proposition 14.41 (recall in particular the residue J(f, X) J ippo dx), 
using the remarks in the previous paragraph. By Lemma 12.21 Proposition 13.31 
Lemma 13.41 and (|15[) it suffices to consider Co acting on the finite-dimensional 
space generated by H Ch , for 1 < k < no + ni — 1. We have 

= H Cj+1 , j < no + ni - 1 , 

■ , = H c 

iQ + n-i-l 

The (no + ni — 1) x (no +ni — 1) matrix L associated to the above linear operator 
is such that L ni is in lower triangular form, with zeroes in the first no — 1 diagonal 
elements and with an n\ x n% identity block in the n\ last rows and columns. It 
follows that (id — zCo) ~ 1 (po) extends meromorphically to a disc of radius strictly 
larger than 1, whose singularities on the unit circle are at most simple poles at 
the nith roots of unity. To show the claim on the vanishing of the residues, we 
integrate Cq (ps)tp' dx by parts: it suffices to consider the boundary terms since 
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our assumption <p(cj) = for all j > no guarantees that the poles corresponding to 
the eigenvalues of L have zero residue. If ao =/= C2 then the boundary term gives a 
residue — (p(ao)p s (ao) for the pole at z = 1, which, summed with the residue from 
Lemma |37J] gives J(f, 1) / tpp dx (using p s (a Q ) + p r (a Q ) = and J(f, 1) = p r (a )). 
If ao = C2, the boundary term gives rise to the multiple of v?( c 2) which appears 
in the contribution of the spectrum of L, and Lemma 13.41 gives l)(j <ppo dx — 
<p(a )). □ 

We now prove Theorem 15.21 

Proof. Again, we consider X = 1, and the general case follows by integration by 
parts. If Jm ,n ° = for to = no, ... no + ni — 1, then £q 0_1 ( / o s ) vanishes. It follows 
(recall Lemma [374] the residue there vanishes if X = 1 since p r {ao) = J{f, 1)) that 
^(z) is holomorphic in a disc of radius strictly larger than one. 

If J(f) = then we claim that the spectral projector II associated to the eigen- 
value 1 of the matrix L introduced in the proof of Theorem 15. II satisfies H(p s ) = 
(this gives the second statement of the theorem). To show the claim note that 
the fixed vector for L is v — (vj) with Vj = for j < Uq — 1 and Vj — 1 for 
^0 5; 3 < n o + n i ~ L and that u = (1, . . . , 1) is a left fixed vector for L. The 
projector II is just U(w) = fc™( v, and II(p s ) = follows from J(f, 1) — 0. □ 

6. NON DIFFERENTIABILITY OF THE SRB MEASURE 

In this section, we present examples of perturbations / + tX o / of maps / 
satisfying (i)-(iv), so that / has a preperiodic critical point, and at which t 
/ ippt dx fails to be Lipschitz at t = for a well-chosen smooth observable ip. (In 
view of ([3]), we shall see that the examples are "as bad as possible.") 

Recall that we call tent- map a map / satisfying (i)-(iv) and so that |/'(a;)| is 
constant for x ^ c. For 1 < A < 2 we let g\ be the tent-map of slopes ±A on 
[0, 1], i.e., g\(x) = Xx for x S [0, 1/2], and g\(x) = A - Ax for x G [1/2, 1]. We put 
c ri (A)= sJ(l/2) forn>l. 

We first present the simplest possible counter-example: 

Theorem 6.1. There exists a C 1 function ip, with <^(0) = ip(l) = 0, a sequence 
Afc G (1,2) with linifc^oo Afc = 2, so that Ck+2(Xk) is a fixed point of g\ h) and a 
constant C > so that 

J ipj\ k dx - J ^72 dx > Ck(2 - A fe ) , Vfc , 

with J Lp^fidx = 1, where j\ k is the invariant density of g\ k . 

(In fact we have ip(c n (Ak)) = for all k > 1 and n > 1 in Theorem 16. II ) 
The theorem shows that the SRB measure cannot be (one-sided) Lipschitz at 
<72 for ip. Since we can write g\ k = gi + t^X o /, with t% = Afe — 2 and X as 
in §2, with X(0) = (in fact, X(x) = x for x G [0,1]), and tp(0) = tp(l) = 0, 
Theorem 15.21 applies to / = g2, X, and ip, and, since J (ppo dx ^ gives that \&(z) 

^The example in Theorem 16.11 and Remark 16.31 are due to A. Avila. D. Dolgopyat told me 
several years ago that he believed the SRB measure was not a Lipschitz function of the dynamics 
in the present setting, and he may have been aware of similar examples. After this paper was 
written, we learned about [8] which, although mostly nonrigorous, indicated that 7Z(t) should not 
be expected to be Lipschitz, and C. Liverani brought to our attention Mazzolena's |18| detailed 
analysis of families of maps for which TZ(t) is not Lipschitz. 
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is meromorphic in a disc of radius larger than one with a simple pole at z = 1 (the 
residue is J(f,X) Jipp dx with J(f,X) = X(a)si ^ 0). Note that Ruelle [26] 
proved that the susceptibility function associated to the full quadratic map and 
any smooth X and if has a vanishing residue at z = 1. However, ^S(z) has a pole 
strictly inside the unit disc in the setting of 26 . 

Of course, the example in Theorem 16. II is a bit special since 172 is an "extremal" 
tent-map. But it is not very difficult to provide other examples of tent-maps with 
preperiodic critical points at which the SRB measure is not a Lipschitz function of 
the dynamics. Indeed, coding the postcritical orbit by the sequence 0, with Qj = L 
if Cj < 1/2 and Qj = R if Cj > 1/2, the code of 172 is RL°° (that is, 81 = R, and 
Qj = L for all j > 2), while the proof of Theorem 16.11 shows that the code of g\ k is 
61 = R, Qj : = L for 2 < j < k + 1 and Qj = R for j > k + 2. The following example 
corresponds to a similar perturbation, starting from Q = RLR°° (i.e., gL/j), and 
considering a sequence g Ui , for t > 6 and even, where ug is the unique parameter 
giving the code 

(28) Qi = R , 6 2 = L , 6j ; = R for 3 < j < I - 2 , Q t _ x = L , 6^ , = R for j > i . 
(In particular c^(i^) is the fixed point of g Vl ) 

Theorem 6.2. There exists a C 1 function tp, with y?(ci(v2)) = <^(c2(v2)) = 
y(c3(v / 2)) = 0, and fip^/^dx = 1, a sequence Vg_ € (v2)2), wit/i I even and 
lim^^oo i>i = V2, so that ci(vi) is a fixed point of g Vl , and a constant C > so that 

J <p~/^/2 dx - J (fj V{ dx > Ci{vi - y/2) , VI . 

(In fact we have (p(c n {vt)) — for all even t > 4 and n > 1 in Theorem 16.21 ) 
Theorem 15.21 applies to the example in Theorem 16.21 and gives that ^(z) has a 
simple pole at z = 1 with residue J(f,X) J ipj^dx ^ 0. 

Remark 6.3. Although the combinatorics will be more complicated, a modification 
of the proof of Theorems 16 . 1 1 and 16 . 21 should be applicable [T] to all preperiodic tent- 
maps. This would give a dense countable set of parameters Ao, and C 1 functions 
tpx, where the SRB measure A 1Z(\) = J tp\ "/\dx is not Lipschitz at Ao if 
Ao G Ao, for which ^>(z) is meromorphic at z = 1 (by Theorem 15. 2p . If this 
construction is possible, a Baire argument pQ would then imply that there is an 
uncountable set of parameters Ai where 7?.(A) is not Lipschitz. This would give 
rise to counterexamples which are non-Markov tent-maps to which Proposition 14.41 
applies (with, presumably, J{f,X) ^ 0). 

In view of the program sketched in the previous remark, it would seem that the 
SRB measure of tent- maps is not often Lipschitz. 
We next prove Theorem 16. II 

Proof. The fixed point of g\ is x\ = A/(l + A) > 1/2 and its preimage in [0, 1/2] 
is y\ = 1/(1 + A). Let z\ = y\/X be the preimage of y\ in [0, 1/2]. The critical 
value is c\ = A/2 > 1/2 (in this proof we write Cj for Cj(X) whenever the meaning 
is obvious), which is mapped to C2 = (2 — A)A/2 < 1/2. If A = 2 then c\ = 1, 
C2 = C3 = 0, and 72 is constant, equal to 1 on [0, 1]. 

If 1< A < 2, then c k+1 = y x if A = A fe = 2 - C k \- k with C k = 2/(A(l + A)), and 
k > 1. The invariant density for such X k is supported in [02, ci] and constant on each 
(cj+i, Cj-1-2) for 1 < j < k, with value Vj > 0, and on (c k +2,ci) — (x\ k ,ci), with 
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value Vk+i > 0. The fixed point equation for reads Vk+i — AfcVi, Vj + Vk+i = 
XkVj+i for 1 < j < k — 1, and 2vt = \kVk+i- This implies that the sequence 
j i > vj is strictly increasing. (Indeed, Vk+i — 2vk/\k > Vk, and proceed by 
decreasing induction, using that fj+i > (vj + Vk+\)/2 and Vk+i > Wj+i to show 
that Vj+i > Vj for k — 1 > j > 1.) We take a nonnegative C 1 function ip which is 
supported in (2/3,3/4), and thus in (cfe+2,ci) for all large enough k. We assume 
that J <p(x)j2 dx = j (p(x) dx = 1. We next show that there is D > so that for 
all k > 1 

(29) y V1Xk dx>l + Dk\- k , 

and this will end the proof of the theorem. 

To show (|29l) . we use the fact that /<P7A fc dx — Vk+\ f Ck 2 <p(x)dx — Vk+i- To 
estimate Ufc+i we exploit J dx — 1: This integral is equal to the difference 

k 

V k +l(ci - C 2 ) - 5Z(c J+ 2 - C i+ l)(u fe+ i - Vj) . 
3=1 

We have Cj +2 — Cj+i = A^T (03 — c 2 ) with (03 — c 2 ) > ^4A^ fc with ^4 independent of 
k, and (u fc+ i - Vj) > (v j+1 - Vj) = w fe+ iA^ : '(2 - A)/2 > C k X^ j /2 for 1 < j < fc - 1 
@, so that J]j=i( c j+2 - Cj +1 )(u fe+ i - Uj) > EkX^ 1 and 

l^ffc+i^i-ca)-^^^ 1 , 

which implies > (l + i?fcA ; 7 fe_1 )/(c 1 — c 2 ). Sinceci— c 2 < 1 we proved (|2"9")l . □ 

Finally, we show Theorem 16.21 

Proof. Note that 7^ is constant equal to u on (c 2 (a/2), C3(-\/2), and constant equal 
to y/2u on (c 3 (\/2), ^(v 7 ^)), with c 3 (v / 2) > 1/2 the fixed point. Putting 

(30) d = (c 3 (V2) - c 2 (v / 2) + V2{ Cl (V2) - 03(^2)) , 
the normalisation condition is 

(31) du = 1 . 

For ^ > 6 even, we define < V2 by (|28|) . Then q(i^) > C3(v / 2) is a fixed point 
and the critical orbit of g Ut is ordered as follows (in the remainder of this proof we 
write c m for c m (vg) when the meaning is clear) 

C 2 < Ct-\ < C < C£_3 < ■ ■ • < C5 < C 3 < C£ < C4 < C6 < • • ■ < Cl-2 < Cl . 

The invariant density of givg) is constant equal to u\ = tii(i^) on (c 2 , q_i), constant 
equal to u 2 on (c£_i,C£_3), constant equal to Uj on (c£_( 2j _ 3 ) , C£_( 2j _ 1 )) for 3 < 
j < ^/2 — 1, constant equal to U£/ 2 on (03, q), constant equal to ug/2+1 on (q, C4), 
constant equal to Uj on (c2j-i, c 2j + 2 _£) for £/2 + 2 < j < £ — 2, constant equal to 
ug-i on (q_ 2 ,ci). As ^ — > 00 we have that ci tends to ci(\/2), that c 2 and q_i 
tend to c 2 (\/2), that q tends to cs(V2). In particular, ((3|) implies that w 2 — * u. 

The fixed point equation for 7^ implies that ug-\ — vgu\ 1 ug-2 — V1U2 and 
2?i 2 = vgug-i (thus, = ^£it 2 /2 tends to \/2u). In particular, Uf_ 2 = > 
1, which implies that s^_ 2 < 0. Now, it is not difficult to see from the fixed point 

®To get the equality, first use v m + v k+ i = \ k v m +i at m = j and m = j + 1, repeat this 
k — j — 1 more times, and end by using that 2v k = X k v k+ i. 
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equation for j V{ that for any 3 < k < £ we have Sk = Sfe-i//'(cfe-i). It follows that 
se-i > 0, and that s 2j < for 4 < 2j < £ - 2 and s 2 j+i > for 3 < 2j + 1 < £ - 3. 
In other words, 7^ is increasing on (c2, eg) (with minimal value u\) and decreasing 
on (c£,Ci) (with minimal value v,£-i = ^ui). 

Take a nonnegative C 1 function which is supported in 1/2) for all £, 

and note that / ip^^dx = u J ipdx. Since J f^ vi dx — u 2 {v() J cpdx, it suffices to 
show that there is a constant K > so that for all large enough £ 

u 2 (v t ) <u- K£vJ l , 

in order to prove the theorem. Note that |c2 (^) — c 2 (V2)\ = 0{y7 ). It follows 
that vg — \/2 = 0{v£ ) and that u 2 {vg) — U\{yi) = (1 — vf/2)u^-i/vi = 0(vj ). 
Therefore, it is enough to prove that 

(32) ui{vt) <u-K'£v^ 1 , 

for some K' > and all large enough £. 

The rest of the proof is now similar to the argument in Theorem 16.11 Writing 
(c m (j\, c m i(j\) for the interval on which j Ue is constant equal to Uj, we have 

l-i 

(33) 1 = U o( C m'(j) ~ C m{j)) 

3=1 

1/2 

= ui(ce - c 2 ) + y^juj - Ul)(c m /y) - c m{j) ) 
3=2 

1-2 

+ VlUl{c\ - a) + ^ (Uj - ^Ui)(c m / (i ) - C m(j -)) . 
j=i/2+l 

If 3 < j < £/2 we have Uj — Ui > Uj — Uj—i > Dv^ ^ +2j and c m '(i) ~ c m(j) > 2j 
for £> > independent of £ and j. The case j > £/2 is similar. It follows that there 
is C > so that the right-hand-side of (f3"3"| is larger than 

(34) ui(q — c 2 ) + i/£Ui(ci — eg) + C' £vj l — u\dg + C'ivJ 1 ' 
for all large enough £, where 

(35) d e = (c e (vi) - c 2 {vt) + vi(ci{vt) - c 3 (vij) . 
We have thus proved that 

. 1 - C'lvJ 1 
u\ < - — — . 

d( 

Combining the above bound with (|3"Tj) . ([30|) . and the easily proved fact that \d — 
d e \ = 0{vj l ), we get (ECU). □ 

Appendix A. Uniform Lasota-Yorke estimates and spectral stability 

We recall how to get uniform Lasota-Yorke estimates. For |t| < e, define Jt ■= 
(-00, f t (c)} and X t ■ R {0, 1, 1/2} by 

'0 x£J t 
X(x) = ^ 1 x G int J t 
I x = f t (c). 
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The two inverse branches of ft, a priori defined on [/t(a), ft(c)] and [ft(b), /t(c)], 
may be extended to C 2 maps ipt,+ ■ Jt —> (— oo, c] and i/'t,- : >^t - * [c, oo), with 
supl^g-l < 1 for a = ±. (in fact there is a C 2 extension of t/>t i= t in a small 
neighbourhood of J t .) It is no restriction of generality to assume that ipt,+ (o>o) = a o 
for all t. 
Put 

(36) C-i,t<p{x) ■= Xt(x)ip' ti+ (x)(p(ij}t,+ (x)) +xt(x)\i/j' t _(x)\(p(ij}t-(x)). 

The first remark is that (see e.g. |T21 Lemma 13]) there is D > 1 so that for any 
<p e BV, we have 

(37) \Ci, t tp - &(p\i < D\t\\\(p\\ B v < e. 

Let A -1 < inf^^o |/'(a;)|. Now, since c is not periodic, the proof of (3.26) in [21 p. 
177] yields D' > 1 so that for all small enough \t\ 

(38) var£^ t 9? < A m var</? + £>' |^|i ,Vm > 1 . 

Appendix B. Formal relation between \ff(l) and the derivative of the 

SRB MEASURE 

We refer to [23] and [6] , and references therein, for uniformly hyperbolic instances 
where the SRB measure is smooth, and where the susceptibility function is related 
to its derivative. In this appendix, we first recall (in our notation) Ruelle's formal 
argument 22J leading to the consideration of ^(1) as a candidate for the derivative. 
We then give another (perhaps new) formal argument. For simplicity, we consider 
only X = l. 

The first step is rigorous: By ((38)) there are C > 1 and £ G (A, 1) that for all 
\t\ < e and all k > 1 



(39) I / <p(x)pt{x) d*-J M{x)) dx\ < Ce ■ 
Now, since <p is C , there is s — Sk with |s| < \t\ so that 

(40) v(f k {x)) M(x)) = tJ2 4rM(y))\ y =fS-* {x) 



n =o d y 



Next. 



k — 1 

( 41 ) /£^(/^))W- C *)^ 



71=0 

, fc-i 

^^(y)^ )S (4l"(vo))(y)dy. 

n=0 

Letting (this is of course a formal step that is not justified here) t — > and k ^ 00 
in the above formula, and using that £™(</?o) - ► Po as to — * 00, we would find 

00 



(42) Jm^-J W ^ E f^ ( ^ (po)Mdy Mt _ >0i 

1 n=0 J 
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as announced. 

Let us give now the second formal argument. Consider 

ip - ^ dx — J 93' (id — Co) 1 po dx . 

Define for x £ K and \t\ < e 

(43) R t (x) :=-!+ f Pt {u)du . 

If t is small, it is tempting (but of course illicit, since there is no continuity of 
the resolvent on BV) to replace (id — Cq)^ 1 by (id — £o,t) 1 where 

(44) Co,t(p(x) := xt(x)ip(ipt,+ (x)) - xt(x)(fi(ipt-(x)) . 
We then get by integration by parts 



(45) J if/ (^L_^ _ (id - £ , t rX) dx 



✓(id - A,,,)" 1 (^y^ - C Q , t {^±) # ) dx 

✓ (id - A,,.)" 1 ^O-^dO-*) _ ^ da; 
- as f -> , 

where we used Co,tRt = -Rt and CojRoix) = £oRo(x — t) = Rq(x — t), and where 
we "pretend" again that (id — £o,t) _1 is continuous on BV. 



Appendix C. A regularised susceptibility function 

In this section we assume (i)-(iv) and, in addition, that c is not preperiodic and 
f(c) < b, min(/(a), /(&)) > a > a . For simplicity, we only consider the case X = 1. 
Define a power series 

00 

(46) Ps (z)=5> fc Sfe tf C(c . 

fc=i 

Clearly, (|^U]) implies that z 1— > p s (z) is holomorphic in a disc of radius larger than 
1, with p s {l) = p s . Put = p r + P s(z)- Define next a regularised susceptibility 
function by 

00 

(47) = £ / z n Q(p(z))(xy(x) dx 

n=0 ^ 

Proposition C.l. Let c be non preperiodic. ^(z) is holomorphic in the open unit 
disc. If J(f) — then for every tp S C 1 ([ao,6]), ^(z) is holomorphic in a disc of 
radius larger than one, and in addition, ^(l) = ^1. 
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Proof. The first claim is easily shown. We have for each \z\ < 1 

oo oo oo 

(48) E * n £o o>.(*)) = E zn E zks kH Ch+n 

n=0 n=0 k=l 

oo j 

= E^- ffc ,E sfe - 

3=1 k=l 

Thus, since sup \H C . \ < 1, (|4"5| and pi) imply that VP(^) is holomorphic in the disc 
of radius l/£. The last claim follows easily. □ 

Our second observation follows: 

Proposition C.2. Let c be nonpreperiodic and J{f) ^ 0. For p G C 1 ([ao, b]) with 
J ippodx — 0, the limit of^(z) as z — > 1 in [0, 1) exists if and only if 

oo 

(49) lim VzV(c 7 ) 

*—i,*e[o,i) -f-f 

Proof. Replacing p s by p s (^) in the proof of Proposition 14. 4[ it suffices to consider 

oo oo oo j oo 

J2 E s ^ k+n H Ck+n = E (E ^- - + ^(/) E ■ 

n=l fe=l j=l fe=l j=l 

The first term in the right-hand-side of the above equality extends holomorphically 
in the disc of radius l/£. Integrating by parts, this leaves 

oo 

^(/)£*v( Ci ), 
j=i 

as claimed. □ 

If Cj is not recurrent it is easy to find examples of tp so that the limit ([49]) does 
not exist. This limit may never [1] exist. 
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